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PREFACE 



In writing this book we have attempted to produce a textbook • 
of practical quantum mechanics for the chemist, the experi- 
mental physicist, and the beginning student of theoretical 
p ysics. The book is not intended to provide a critical discus- 
sion of quantum mechanics, nor even to present a thorough 
survey of the subject. We hope that it does give a lucid and 
easily understandable introduction to a limited portion of 
quantum-mechanical theory; namely, that portion usually 
suggested by the name “wave mechanics,” consisting of the 
discussion of the Schrodinger wave equation and the problems 
which can be treated by means of it. The effort has been made 
to provide for the reader a means of equipping himself with a 
practical grasp of this subject, so that he can apply quantum 
mechanics to most of the chemical and physical problems which : 
may confront him. 

The book is particularly designed for study by men without 
extensive previous experience with advanced mathematics, such 
as chemists interested in the subject because of its chemical 
applications. We have assumed on the part of the reader, in 
addition to elementary mathematics through the calculus, only 
some knowledge of complex quantities, ordinary differential 
equations, and the technique of partial differentiation. It 
may be desirable that a book written for the reader not adept 
at mathematics be richer in equations than one intended for 
the mathematician; for the mathematician can follow a sketchy 
derivation with ease, whereas if the less adept reader is to be 
led safely through the usually straightforward but sometimes 
rather complicated derivations of quantum mechanics a firm 
guiding hand must be kept on him. Quantum mechanics is 
essentially mathematical in character, and an understanding 
of the subject without a thorough knowledge of the mathematical 
methods involved and the results of their application cannot be 
obtained. The student not thoroughly trained in the theory 
of partial differential equations and orthogonal functions must 
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learn something of these subjects as he studies quantum mechan- 
ics. In order that he may do so, and that he may follow the 
discussions given without danger of being deflected from the 
course of the argument by inability to carry through some minor 
step, we have avoided the temptation to condense the various 
discussions into shorter and perhaps more elegant forms. 

After introductory chapters on classical mechanics and the 
old quantum theory, we have introduced the Schrodinger wave 
equation and its physical interpretation on a postulatory basis, 
and have then given in great detail the solution of the wave 
equation for important systems (harmonic oscillator, hydrogen 
atom) and the discussion of the wave functions and their proper- 
ties, omitting none of the mathematical steps except the most 
elementary. A similarly detailed treatment has been given 
in the discussion of perturbation theory, the variation method, 
the structure of simple molecules, and, in general, in every 
important section of the book. 

In order to limit the size of the book, we have omitted from 
discussion such advanced topics as transformation theory and 
general quantum mechanics (aside from brief mention in the 
last chapter), the Dirac theory of the electron, quantization 
of the electromagnetic field, etc. We have also omitted several 
subjects which are ordinarily considered as part of elementary 
quantum mechanics, but which are of minor importance to the 
chemist, such as the Zeeman effect and magnetic interactions in 
general, the dispersion of light and allied phenomena, and 
most of the theory of aperiodic processes. 

The authors are severally indebted to Professor A. Sommerfeld 
and Professors E. U. Condon and H. P. Robertson for their 
own introduction to quantum mechanics. The constant advice 
of Professor R. C. Tolman is gratefully acknowledged, as well 
as the aid of Professor P. M. Morse, Dr. L. E. Sutton, Dr. 
G. W. Wheland, Dr. L. O. Brockway, Dr. J. Sherman, Dr. S. 
Weinbaum, Mrs. Emily Buckingham Wilson, and Mrs. Ava 
Helen Pauling. 

Linus Pauling. 

E. Bright Wilson, Jr. 

Pasadena, Calif., 

Cambridge, Mass., 

July, 1935 . 




INTRODUCTION TO QUANTUM 
MECHANICS 

CHAPTER I 

SURVEY OF CLASSICAL MECHANICS 

The subject of quantum mechanics constitutes the most recent 
step in the very old search for the genera] laws governing the 
motion of matter. For a long time investigators confined their 
efforts to studying the dynamics of bodies of macroscopic dimen- 
sions, and while the science of mechanics remained in that 
stage it was properly considered a branch of physics. Since 
the development of atomic theory there has been a change of 
emphasis. It was recognized that the older laws are not correct 
when applied to atoms and electrons, without considerable 
modification. -Moreover, the success which has been obtained 
in making the necessary modifications of the older laws has also 
had the result of depriving physics of sole claim upon them, since 
it is now realized that the combining power of atoms and, in 
fact, all the chemical properties of atoms and molecules are 
explicable in terms of the laws governing the motions of the 
electrons and nuclei composing them. 

Although it is the modern theory of quantum mechanics in 
which we are primarily interested because of its applications to 
chemical problems, it is desirable for us first to discuss briefly 
the background of classical mechanics from which it was devel- 
oped. By so doing we not only follow to a certain extent the 
historical development, but we also introduce in a more familiar 
form many concepts which are retained in the later theory. We 
shall also treat certain problems in the first few chapters by the 
methods of the older theories in preparation for their later treat- 
ment by quantum mechanics. It is for this reason that the 
student is advised to consider the exercises of the first few 
chapters carefully and to retain for later reference the results 
which are secured. 
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on each particle are equal to partial derivatives of the potential 
energy with respect to the coordinates of the particle (with 
negative sign) ; that is, 



X, = 

Yi = 

Z. = 



_dV \ 
dXi J 
_dV ( 

fyi’l 

_dV \ 

dZi’J 



i = 1, 2, ■ ■ ■ , n. 



(1-4) 



It is possible to find a function V which will express in this manner 
forces of the types usually designated as mechanical, electrostatic, 
and gravitational. Since other types of forces (such as electro- 
magnetic) for which such a potential-energy function cannot 
be set up are not important in chemical applications, we shall 
not consider them in detail. 

With these definitions, Newton’s equations become 



d_dT _ ,dV 

dt dii dXi 



0, / 



£dT dV 

dt dyi ^ dyi 



0, 



d_6T dV 

dt dii dZi 



= 0. 



(1-5 a) 
(1-55) 
(l-5c) 



There are three such equations for every particle, as before. 
These results are definitely restricted to Cartesian coordinates; 
but by introducing a new function, the Lagrangian function L, 
defined for Newtonian systems as the difference of the kinetic 
and potential energy, 



L L(x i, 2/1, Z\, • • • , x n , y n , z„, ±i, • • • , i„) = 

T - V, (1-6) 

we can throw the equations of motion into a form which we shall // 
later prove to be valid in any system of coordinates (Sec. lc). ' 
In Cartesian coordinates T is a function of the velocities 
%i, ■ • • , z n only, and for the systems to which our treatment 
is restricted V is a function of the coordinates only; hence the 
equations of motion given in Equation 1—5 on introduction of 
the function L assume the form 
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dt dXi dXi 

d dL dL 

dt dVi dyi 

d dL dL 

dt d£i dZi 



*' = 1 , 2 , 



In the following paragraphs a simple dynamical system is 
discussed by the use of these equations. 

la. The Three-dimensional Isotropic Harmonic Oscillator. 

As an illustration of the use of the equations of motion in this 
form, we choose a system which fyas played a very important 
part in the development of quantum theory. This is the 
harmonic oscillator, a particle bound to an equilibrium position by 
a force which increases in magnitude linearly with its distance 
r from the point. In the three-dimensional isotropic harmonic 
oscillator this corresponds to a potential function }ikr 2 , represent- 
ing a force of magnitude kr acting in a negative direction; i.e., 
from the position of the particle to the origin, k is called the 
force constant or Hooke’s-law constant. Using Cartesian coordi- 
nates we have 



whence 



L = Mm(x 2 + y~ + i 2 ) - i a<x 2 + y 2 + z 2 ), (1-8) 



+ kx = mx + kx = 0,] 
my + ky = oj 
in'z + kz — 0. ] 



Multiplication of the first member of Equation 1-9 by x give 



= —hx-r- 
dt dt 


(1-10) 


or 




ln d( f- = -h&, 
2 dt 2 dt 


(1-11) 


which integrates directly to 




1'2 mx" = —Ifkx 2 + constant. 


(1-12) 



The constant of integration is conveniently expressed as l^kx^. 



/) , 
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dt - y]mW ~ ( 1 - 13 ) 

cons°tant n r dUCinS ^ in place of the force 

2nrv 0 (It = r --f- , 

(*? ~ * 2 ) w 



which on integration becomes 



and similarly 



2?rj'o t -f- S x = sin -1 — 
x 0 

x = x 0 sin (2wvot + 8 X ), 

y = Vo Sin (27rr 0 < -f 
2 = 2 o sin (27rr 0 < + 8 z ).f 



( 1 - 14 ) 



2 = Zq sin {2irv 0 t + 5 2 )./ ^ 15 ) 

In these expressions * 0 , y 0 , z 0 , Sx , and 8 Z are constants of 
ntegration, the values of which determine the motion in any 

restm’' CaS f ' ' e q , UanUty ”° iS rdated to the instant of the 
restoung force by the equation 

4* 2 mv „ 2 = k, (1 _ 16) 

so that the potential energy may be written as 

V = 2 w 2 mv*r 2 . - ( 1 - 17 ) 

As shown by the equations for *, y, and z, r„ is the frequency of 
mo ion t is seen that the particle may be described as 
carrying out independent harmonic oscillations along the x v 
and ^ axes, with different amplitudes x„, y U} and z 0 and different 
phase angles 8 X , 8 y , and 8 ,, respectively. 

T he energy of the system is the sum of the kinetic energy and 
the potential energy, and is thus equal to 

H™(x 2 + y 2 + i 2 ) + 2 'nr 2 mv 2 {x 2 + y* + **). 

On evaluation, it is found to be independent of the time, with the 

value 2T-mv 0 {xl + vl + 2 0 2 ) determined by the amplitudes of 
oscillation. 

The one-dimensional harmonic oscillator, restricted to -motion 

V^i^V o X l S m accordanc e with the potential function 
V - Akx - 2 , r-m v * X \ is seen to carry out harmonic oscillations 
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along this axis as described by Equation 1-14. Its total energy 
is given by the expression 2 T^mu^xl ^ 

lb. Generalized Coordinates.-Instead of Cartesian coordi- 
na es x h y u z 1 ■ , x„, y ni z n , it is frequently more convenient 
to use some other set of coordinates to specify the configuration 
of the system For example, the isotropic spatial harmonic 
oscillator already discussed might equally well be described using 
polar coordinates; again, the treatment of a system composed of 

"I T particles if spsce - " hich 

C otdSr mberaome if *• ™ t t. u* 

assume tT T ^ C0 ° rdinates - which we shall always 
number lnde P end ent and at the same time sufficient in 

number to specify completely the positions of the particles of 

i system, then there will in general exist 3 n equations called 

0 ITITS transformation > rela ting the new coordinates 
q k to se ^ °f Cartesian coordinates x ( , y it z it 



x ' ~ /»(?i> <h, 

Vi = q 3) 

Zi = h{(q I; q 2l 




(1-18) 



fnnef & f* ° f three e( T iati °ns f°r each particle i. The 

ions fi, g it hi may be functions of any or all of the 3n new 
coorc mates q k , so t-hat these new variables do not necessarily 
split into sets which belong to particular particles. For example 

thret 6 Cart ^ Pa f° leS the §ix new ordinates may be tire 
with the T ian C T dmateS of the cen fer of mass together 

P lZrXr dmates of one particie rewd 

pofsible k to7rl ^ t u e the ° ry ° f partial differentiation, it is 

variabts to anott 0 ™ fr ° m ° ne Set ° f “^pendent 

ables to another, an example of this process being 



— = d'h i dx i dq 2 
dt dqy dt dq 2 dt 



4- dq 3n ,, 1Q 

+ dq 3n dt 



This same equation can be put in the much more compact form 
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This gives the relation between any Cartesian component of 
velocity and the time derivatives of the new coordinates. Similar 
relations, of course, hold for y t and z< for any particle. The 
quantities q„ by analogy with x { , are called generalized velocities 
even though they do not necessarily have the dimensions of 
length divided by time (for example, q, may be an angle). 

Since partial derivatives transform in just the same manner 
we have ’ 

= _ _ dF dy, _ _ 3F 3z„ 

d( l> dx i dy i dq ; Q Zn dq t . 

n 

2 (dV dxi dVdyi dVdZi 

ydxi dq, dyi dqj dZi dq ,• 

t = 1 

Since Qj is given by an expression in terms of V and q,- which is 
analogous to that for the force X; in terms of V and x { , it is called 
a generalized force, \t » 

In exactly similar fashion, we have 

d JL = d _*i + .dTdii 

dq,- dq, ^ dy, dq, + dz { dq,- 

1=1 

lc. The Invariance of the Equations of Motion in the Lagran- (\ 
gian Form.-- We are now in a position to show that when New- 
ton s equations are written in the form given by Equation 1-7 
they are valid for any choice of coordinate system. For this 
proof we shall apply a transformation of coordinates to Equa- 
tions 1-5, using the methods of the previous section. Multiplica- 
tion of Equation l-5a by of 1-55 by etc., gives 

dxi d_ dT dV dxi \ 
dq, dt dxi dxi dqj ’ J 
3x2 d dT dV dx2 I 

dqj dt dx 2 dxi dqj ’S (1-22) 



to* d dT dV dXn ) 

dqj dt dx n dx n dqj ~ ’J 

with similar equations in y and z. Adding all of these together 
gives 



( 1 - 21 ) 






Qj. (1-20) 
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n 

2{ 

i = 1 



^ddT dyiddT_ aziddT 
dq, dt d±i dqj dt dy t dq, dt dz 






dqj 



(1-23) 



where the result of Equation 1-20 has been used. In order to 
reduce the first sum, we note the following identity, obtained by 
differentiating a product, 

dXid(dT\ = d/dTdxA _ dT d/dxA 
dqjdt\dXiJ dVydXjdqj) dx t dt\dq,J' ( 1-24 ) 

From Equation 1-196 we obtain directly 



d±i _ dXi 
dqj ~ dqj 



(1-25) 



Furthermore, because the order of differentiation is immaterial, 
we see that 



d / dx 
dtydqj 



•jii on 

2 d / dx A . = ^ d /dxA. 
dqk\dqj J lk dq}\dq k ) <k 



i = 1 



= A 'NJ ( dxA . 

dqj ^\dq h ) qk 



k~ 1 



dXj 



dqj 



(1-26) 



k = 1 



By introducing Equations 1—26 and 1—25 in 1—24 and using the 
result in Equation 1-23, we get 



d/dTd±i 
dtydXi dqj dy 



dT d li . B JL AA _ f 9 !. d ii . dq 

'i dqj dZj dq,J ydi, dqj dy 



+ ^ d M 

dZi dqj Jj 



+ 



dV 

dqj 



dTdyt 
dyi dqj 

0, (1-27) 



which, in view of the results of the last section, reduces to 



d dT _ dT dV 
dt dq j dqj dq. 



(1-28) 



Finally, the introduction of the Lagrangian function L = T — V, 
with V a function of the coordinates only, gives the more compact 
form 

d dL dL . _ 

dt d$j ~ dqj ~ 3 2, 3, ■■■ , 3 n. (1-29) 



' J 





I-ld] 



NEWTON’S EQUATIONS OF MOTION 



9 



(It is important to note that L must be expressed as a function 
of the coordinates and their first time-derivatives.) I 

Since the above derivation could be carried out for any value 
of j, there are 3 n such equations, one for each coordinate g,. 
They are called the equations of motion in the Lagrangian form 
and are of great importance. The method by which €hey”were 
derived shows that they are independent of the coordinate 
system. ~ 



a.&+n ■ cotUM 

teryCw:*-/ ‘ 



We have so far rather limited the types of systems considered, 
but Lagrange’s equations are much more general than we have 
indicated and by a proper choice of the function L nearly all dynami- 
cal problems can be treatecT with their use. These equations are 
therefore frequently chosen as the fundamental postulates of 
classical mechanics instead of Newton’s laws. 

Id. An Example : The Isotropic Harmonic Oscillator in Polar 
Coordinates.— The example which we have treated in Section la 
can equally well be solved by the use of polar coordinates r, 
d, and <p (Fig. 1-1). The equations of transformation correspond- 
ing to Equation 1-18 are 



x = r sin d cos ^,1 
y = r sin d sin <p, J 
z = rcosd. 1 



(1-30) 



With the use of these we find for the kinetic and potential energies 
of the isotropic harmonic oscillator the following expressions: 



T = \ + y 2 + i 2 ) = ~ (r 2 + r 2 d 2 + r 2 sin 2 & <p 2 )} 



V = 2ir' 2 mvlr 2 , 
and 



(1-31) 



L - T — F = — (r 2 -f r 2 d 2 -f r 2 sin 2 d<p 2 ) — 27r 2 mr 2 r 2 . 



(1-32) 



The equations of motion are 



^|-| = ^ 2sin2 ^- 0 ’ 



d dL 



dL d 

dt^~M= dt imr ^ } ~ mr 2 Sin * COS *** = °> 



(1-33) 

(1-34) 



d dL dL d , .. • „ 

dtdT - Tr = dl {mr) ~ mrtP 



mr sin 2 dh 2 -\- \-K 2 mv\r 



0. 

(1-35) 



II 



H 
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In Appendix II it is shown that the motion takes place in a 
plane containing the origin. This conclusion enables us to 
simplify the problem by making a change of variables. Let us 
introduce new polar coordinates r, d', x such that at the time 
t = 0 the plane determined by tTie vectors r and v, the position 
and velocity vectors of the particle at t = 0, is normal to the new 
z' axis. This transformation is known in terms of the old set of 
coordinates if two parameters d 0 and <p 0 , determining the position 
of the axis z' in terms of the old coordinates, are given (Fig. 1—2). 



Z 




In terms of the new coordinates, the Lagrangian function L 
and the equations of motion have the sa me form as previously , 
because the first choice of axis directipa.JEaA-qiiit^arbitraryl 
However, since the coordinates have been chosen sothattKe 
plane of the motion is the x'y' plane, the angle d' is always equal 
to a constant, x/2. Inserting this value of d : ' in Equation 1-33 
and writing it in terms of x instead of we obtain 

Jt {mr2jd = °> (1-36) 

which has the solution 

mr 2 x = p x , a constant. (1-37) 

The r equation, Equation 1—35, becomes 
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or, using Equation 1-37, 

~ w 3 + iir2mv o r = 0, (1-38) 

an equation differing from the related one-dimensional Cartesian- 
coordinate equation by the additional term — p 2 /mr 3 which 
represents the centrifugal force. 

Multiplication by r and integration with respect to the time 
gives 

r* = Sr*~ 4ir2 "° r2 + b > (i- 3 9) 

so that f = ( — — 4T 2 v$r 2 -j- b 
This can be again integrated, to give 

rdr 

-§ + br2 - 
i r dx 
~ 2 J (a + bx + cx 2 )«' 

in which x = r 2 , a = — p 2 / m 2 , b is the constant of integration in 
Equation 1-39, and c = — This is a standard integral 

which yields the equation 

rZ = + A sin - to)}, 

with A given by 




We have thus obtained the dependence of r on the time, and 
by integrating Equation 1-37 we could obtain x as a function of 
the time, completing the solution. Elimination of the time 
between these two results would give the equation of the orbit, 
which is an ellipse with center at the origin. It is seen that the 
constant r 0 again occurs as the frequency of the motion. 

le. The Conservation of Angular Momentum. — The example 
worked out in the previous section illustrates an important 
principle of wide applicability, the principle of the conservation 
of angular momentum. 
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Equation 1-37 shows that when x is the angular velocity of the 
particle about a fixed axis z' and r is the distance of the particle 
from the axis, the quantity p x = mr 2 x is a constant of the motion. 1 
This quantity is called the angular momentum of the particle 
about the axis z'. 

It is not necessary to choose an axis normal to the plane of the 
motion, as z' in this example, in order to apply the theorem. 
Thus Equation 1-33, written for arbitrary direction z, is at once 
integrable to 

mr 2 sin 2 &<p = p vi a constant. (1-40) 

Here r sin d is the distance of the particle from the axis z, so that 
the left side of this equation is the angular momentum about the 
axis z . 2 It is seen to be equal to a constant, p v . 




Fig. 1-3.— Figure showing the relation between d x , dO, and dip. 

In order to apply the principle, it is essential that the axis of 
reference be a fixed axis. Thus the angle 0 of polar coordinates 
has associated with it an angular momentum p d = mr 2 ,'} about 
an axis in the xy plane, but the principle of conservation of 
angular momentum cannot be applied directly to this quantity 
because the axis is not, in general, fixed but varies with v . A 
simple relation involving p 0 connects the angular momenta 

’ The phrase a constant of the motion is often used in referring to a constant 
of integration of the equations of motion for a dynamical system. 

2 This is sometimes referred to as the component of angular momentum 
along the axis z. 
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p x and p? about different fixed axes, one of which, p x , relates 
to the axis normal to the plane of the motion. This is 

Pxdx = podd + p v d<p, (1-41) 

an equation easily derived by considering Figure 1-3. The 
sides of the small triangle have the lengths r sin dd<p, rdx, and 
rdd. Since they form a right triangle, these distances are 
connected by the relation 

r 2 (dx) 2 — r 2 sin 2 d (dip) 2 + r 2 (dt?) 2 , 

which gives, on introduction of the angular velocities x, Ip, and i) 
and multiplication by m/dt, 

mr 2 xdx = sin 2 d<pd<p + mrhldi). 

Equation 1-41 follows from this and the definitions of p x , p#, 
and p v . 

Conservation of angular momentum may be applied to more 
general systems than the one described here. It is at once 
evident that we have not used the special form of the potential- 
energy expression except for the fact that it is independent of 
direction, since this function enters into the r equation only. 
Therefore the above results are true for a particle moving in 
any spherically symmetric potential field. 

Furthermore, we can extend the theorem to a collection of 
point particles interacting with each other in any desired way 
but influenced by external forces only through a spherically 
symmetric potential function. If we describe such a system by 
using the polar coordinates of each particle, the Lagrangian 
function is 

n 

L = + rft)? + r\ sin 2 — V. (1-42) 

i = 1 



Instead of <pi, <P2, ■ ■ ■ , ‘Pn, we now introduce new angular 
coordinates a, /3, • • • , k given by the linear equations 



<P\ = a + b + • 


• 4- kiK,\ 


<P2 = a T ^2/3 -f- ■ 


• + k 2 K, / 


<Pn = a + b n /3 + • 





(1-43) 



The vaiues given the constants b\, ■ ■ ■ , k n are unimportant so 
long as they make the above set of equations mutually independ- 
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ent. a is an angle about the axis z such that if a is increased 
by A a, holding j3, • ■ ■ , k constant, the effect is to increase each 
<Pi by A a, or, in other words, to rotate the whole system of particles 
about z without changing their mutual positions. By hypothesis 
the value of V is not changed by such a rotation, so that V is 
independent of a. We therefore obtain the equation 



d did dL d dT 

dt dot da dt dot 



(1-44) 



Moreover, from Equation 1-42 we derive the relation 



n 



n 



dT _ dpt 

da ^Adipi da 




m^rf sin 2 di<pt. 



(1-45) 



>■ = i < = i 

Hence, calling the distance r, sin At of the zth particle from the 
z axis pi, we obtain the equation 



2 

i = i 



m,pj<p { = constant. 



(1-46) 



This is the more general expression of the principle of the con- 
servation of angular momentum which we were seeking. In 
such a system of many particles with mutual interactions, as, 
for example, an atom consisting of a number of electrons and a 
nucleus, the individual particles do not in general conserve 
1 ^ angular momentum but the aggregate does. 

The potential-energy function V need be only cylindrically 
symmetric about the axis z for the above proof to apply, 
since the essential feature was the independence of V on the angle 
a about z. However, in that case z is restricted to a particular 
direction in space, whereas if V is spherically symmetric the 
^theorem holds for any choice of axis. 

Angular momenta transform like vectors, the directions of the 
■ vectors being the directions of the axes about which the angular 
A momenta are determined. It is customary to take the sense 
of the vectors such as to correspond to the right-hand screw rule. 



2. THE EQUATIONS OF MOTION IN THE HAMILTONIAN FORM 

2a. Generalized Momenta. — In Cartesian coordinates the 
momentum related to the direction x k is m k x k , which, since V is 
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restricted to be a function of the coordinates only, can be written 
as 



= a T = dL 
dx k d± k 



k = 1, 2, • • • , 3m. 



( 2 - 1 ) 



Angular momenta can likewise be expressed in this manner. 
Thus, for one particle in a spherically symmetric potential field, 
the angular momentum about the z axis was defined in Section le 
by the expression 

p ^ = mp' 2 <p = mr ! sin 2 dip. (2—2) 

Reference to Equation 1-31, which gives the expression for the 
kinetic energy in polar coordinates, shows that 



_ dT ^ dL 

dip dip 



(2-3) 



Likewise, in the case of a number oi particles, the angular 
momentum conjugate to the coordinate a is 



p a = 



dT _ dL 

da da 



(2-4) 



as shown by the discussion of Equation 1-46. By extending 
this to other coordinate systems, the generalized momentum pk 
conjugate to the coordinate q h is defined as 






dL 

Vk = m 



k = 1 , 2 , 



, 3m. 



(2-5) 



The form taken by Lagrange’s equations (Eq. 1-29) when the 
definition of p k is introduced is 
V . dL 

V = 5£’ 



k = 1, 2, • • • , 3n, 



( 2 - 6 ) 



so that Equations 2—5 and 2—6 form a set of 6m first-order dif- 
ferential equations equivalent to the 3m second-order equations 
of Equation 1-29. 

— being in general a function of both the g s and g s, the 

dq k 

definition of p k given by Equation 2-5 provides 3n relations 
between the variables q k , q k , and p k , permitting the elimination 
of the 3n velocities g k , so that the system can now be described 
in terms of the 3m coordinates g k and the 3m conjugate momenta 

: ! A f -. • • - ' : ‘ 
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Pk- Hamilton in 1834 showed that the equations of motion can 
in this way be thrown into an especially simple form, involving 
a function H of the p k ’s and q k s called the Hamiltonian function. 
, 2b. The Hamiltonian Function and Equations. — For con- 

r servative systems. 1 we shall show that the function II is the total 
energy (kinetic plus potential) of the system, expressed in terms 
of the ptc s and q k s. In order to have a definition which holds 
for more general systems, we introduce H by the relation 



0 7 1 

H = %PAk - L{q k , q k ). 



Jc--= 1 



(2-7) 



Although this definition involves the velocities q k , H may be made 
a function of the coordinates and momenta only, by eliminating 
the velocities through the use of Equation 2-5. From the 
definition we obtain for the total differential of H the equation 

3 n , 3 n 3 n 3 n ^ 

dH = ,2 p *^* + 2^* - 2 d(jt - - 2l d(jk > 

. 4 = 1 4 = 1 4 = 1 *\ = 1 WC 

or, using the expressions for p k and p k given in Equations 2-5 and 
2-6 (equivalent to Lagrange’s equations), 

3 n 

dH = (<hdpk - p k dq k ), (2-9) 

k = 1 

whence, if II is regarded as a function of the q k ’s and p k ’ s, we 
obtain the equations 



dH 

dp k 

dH 

dq k 



?4, 



= ~Vk,\ 



* = 1, 2, 



, 3 n. 



( 2 - 10 ) 



\ These are the equations of motion in the Hamiltonian or canonical 
' form. 

2c. The Hamiltonian Function and the Energy.— Let us con- 
sider the time dependence of H for a conservative system. We 
have 



l 



1 A conservative system is a system for which H does not depend explicitly 
t,hp tirnp t We have restricted our discussion to conservative systems b^ - ^ 



on the time t. »» ^ » v. icoumicu uui uisuussiuii to conserv 

assuming that the potential function V does not depend on t. 
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dH 

dt 



3 n 



-as 



Pkik 



^=1 




A T 

^_j\Vk<ih + Vk<ik — — q k 
k- l v qk 



- X ("PHlk — puik) = o, 

k = l 



dL „ \ 

d( ik lk ) 

( 2 - 11 ) 



\( 



af befoi 6 T e s ;: bstitu,ions for vk and jh (Eqs • 2 - 5 and 2-6) 

ff bef0re - f 18 hence a constant of the motion, which is called 
the enew °f the system . For Newtonian systems> iQ w l2 U f e 

of the ki t 7 mtereSted ’ the Hamiltonian function is the sum 
of the kinetic energy and the potential energy, 

H — T + V, QzA (2-12) 

expressed as a function of the coordinates and momenta. This 
s proved by considering the expression for T for such systems 

function ^ 



3 n 

~ 2) a iMi, 



ij = 1 

where the a,/s may be functions of the coordinates 
Hence 

3 n 



(2-13) 



3" 3n 

2^* = 2f|& = 2ff* - 

k-l k = 1 k=l 



3 n 



so that 



= 2 a ik qiq k = 2 T 
i,k — 1 

H = 2T — L = T -\- V. 



i - ’ 



(2-14) 



2d. A General Example.-The use of the Hamiltonian equa- 
tions may be illustrated by the example of two point particles 
with masses m i and m 2 , respectively, moving under the influence 
ot a mutual attraction given by the potential energy function 
{>') , in which r is the distance between the two particles. The 
ydrogen atom is a special case of such a system, so that the 
results obtained below will be used in Chapter II. If the coordi- 
nates of the first particle are x h y h 2l an d those of the second 
2/2» g 2 , the Lagrangian function L is 
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L — 2 " (^1 + + 2.) + ~^(xl + y\ + il) — T(r). (2-15) 

The solution of this problem is facilitated by the introduction, 
in place of Xi, y x , z x , x 2 , y 2 , z 2 , of the Cartesian coordinates x, y, z 

of the center of mass of the system and the polar coordinates 

r, d, <p of one particle referred to the other as origin. 

The coordinates of the center of gravity are determined by the 
equations 

miXi + m 2 x 2 = (m x + m 2 )x (2-16) 

with similar equations for y 1} y 2 , y and z h z 2 , z. The polar 
coordinates r, d, ip are given by 

x 2 — Xi — r sin d cos <p,\ 

2/2 - 2/i = r sin d sin <p,\ (2-17) 

Zi — 2i = r cos d. j 

Elimination of x 2 , y 2 , and z 2 between these two sets of equations 
leads to the relations 



x x — x 



m 2 



r sin d cos <p, 

mi + m 2 ’ , 

m 2 . „ 

2/ 1 = 2/ — — — t r sin d sin <p.) 

mi + m 2 ( 

m 2 



Z\ — 2 



-r cos d, 



+ m 2 

while elimination of x t , y h and z x gives the set 



(2-18) 



x 2 = x -f- 
2 / 2 = 2 / + 
22 = Z + 



m i . . 

— — ; r sin d cos <p. 

m x + m 2 , 

m,i . . 

— — j r sin d sin y>, 

m x + m 2 ’/ 

nil 



m x + m 2 



r cos d. 



(2-19) 



The substitution of the time derivatives of these quantities in the 
Lagrangian function L results in the expression 



L — }i(mi + m 2 )(i 2 + 2/ 2 + z 2 ) + 

Km(+ + r 2 d 2 + r 2 sin 2 d<p 2 ) - V{r), (2-20) 

in which y, called the reduced mass, is given by 



miTTH 



( 2 - 21 ) 






mi + m 2 
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The momenta conjugate to x, y, z and r, <p are 



Px = = (mi + m 2 )x,' 

Pv = (mi + m 2 )y, 

Pz = (mi + m 2 )i, 

Pr = Air, 
pa = Air 2 !?, 

= nr 2 sin 2 



( 2 - 22 ) 



The Hamiltonian function is therefore 

H = (mi + m 2 )(x 2 + y 2 + 2 2 ) + /i(r 2 -f- r 2 # 2 -f r 2 sin 2 d^> 2 ) — L 
= M(mi + m 2 )(x 2 + y 2 + i 2 ) + 3^A*(r 2 + r 2 d 2 + r 2 sin 2 t?<p 2 ) 

+ F(r) 

- 2 (Mi + m) (pi + p: + p ' } + rjy p ’ + ? + ?») + 

F(r). (2-23) 

The equations of motion become 



Px = — = 0, 



dx 



Pv = 0, 

P* = 0; 



= \(VA + _ 

Ai\r 3 r 3 sin 2 d y 
. _ 1 pi cos t? 

n r 2 sin 3 
Pv = 0; 

di7 p x 



dV 
dr ’ 



(2-24) 



(2-25) 



x = 



dp* m x + m 2 
Pv 

mi + wi 2 

Pz 

mi + m 2 ’ 



(2-26) 



r = ^r, 



d = 



V = 



Pa 
nr 2 ’ 

Pv 

nr 2 sin 2 d 



(2-27) 
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It is noticed that the last six of these equations (2-26, 2-27) are 
identical with the equations which define the momenta involved. 
An inspection of Equations 2-25 indicates that they are closely 
related to Equations 1-33, 1-34, and 1-35. If in these equations 
m is replaced by n and if in Equation 1-35 4 is replaced by 
dV 

— ; we obtain just the equations which result from substituting 

dr 

for p r , p,>, p v their expressions in terms of r, d, and <p in Equation 
2-25. The first three, 2-24, show that the center of gravity 
of the system moves with a constant velocity, while the next 
three are the equations of motion of a particle of mass p bound to 
a fixed center by a force whose potential-energy function is V(r). 

This problem illustrates the fact that in most actual problems 
the Lagrangian equations are reached in the process of solution 
of the equations of motion in the Hamiltonian form. The great 
value of the Hamiltonian equations lies in their particular suita- 
bility for general considerations, such as, for example, Liouville’s 
theorem in statistical mechanics, the rules of quantization in the 
old quantum theory, and the formulation of the Schrodinger wave 
equation. This usefulness is in part due to the symmetrical or 
conjugate form of the equations in p and q. 

Problem 2-1. Discuss the motion of a charged particle in a uniform 
electric field. 

Problem 2-2. Solve the equation of motion for a charged particle of 
mass m constrained to move on the x axis in a uniform electric field (the 
potential energy due to the field being —eFx, where e is the electric charge 
constant) and connected to the origin by a spring of force constant k. 
Assuming a fixed charge — e at the origin, obtain an expression for the 
average electric moment of the system as a function of the quantities e, m, 
F, k, and the energy of the system. See Equation 3-5. 

Problem 2-3. Derive an expression for the kinetic energy of a particle 
in terms of cylindrical coordinates and then treat the equations of motion 
for a cylindrically symmetrical potential function. 

Problem 2-4. Using spherical polar coordinates, solve the equations of 
motion for a free particle and discuss the results. 

Problem 2-5. Obtain the solution for x in Section Id. 

Problem 2-6. By eliminating the time in the result of Problem 2-5 and 
the equation for r in Section Id, show that the orbit of the particle is an 
ellipse. 

Problem 2-7. Prove the identity of the motion of the plane isotropic 
harmonic oscillator found by solution in Cartesian and polar coordinates. 

Problem 2-8. Show how to obtain an immediate integral of one equation 
of motion, if the Lagrangian function does not involve the corresponding 
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coordinate but only its derivative. Such a coordinate is called a cyclic 
coordinate. 



3. THE EMISSION AND ABSORPTION OF RADIATION 

The classical laws of mechanical and electromagnetic theory- 
permit the complete discussion of the emission and absorption of 
electromagnetic radiation by a system of electrically charged 
j ^particles. In the following .paragraphs we shall outline the 
r results of this discussion. It is found that these results are not 
jl in agreement with experiments involving atoms and molecules; \. 
L jit was, indeed, just this disagreement which was the principal 'V 
V* factor in leading to the development of the Bohr theory of the 
atom and later of the quantum mechanics. Even at the present 
time, when an apparently satisfactory theoretical treatment of 
dynamical systems composed of electrons and nuclei is provided 
by the quantum mechanics, the problem of the emission and 
absorption of radiation still lacks a satisfactory solution, despite 
the concentration of attention on it by the most able theoretical 
physicists. It will be shown in a subsequent chapter, however, 
that, despite our lack of a satisfactory conception of the nature 
of electromagnetic radiation, equations similar to the classical 
equations of this section can be formulated which represent, 
correctly the emission and absorption of radiation by atomic!' 
systems to within the limits of error of experiment. 

According to the classical theory the rate of emission of radiant 
energy by an accelerated particle of electric charge e is 

dE 2eV (3-1) 



dt 



3c 3 



dE . 



in which — is the rate at which the energy E of the particle 

is converted into radiant energy, v is the acceleration of the 
particle, and c the velocity of light. 

Let us first consider a system of a special type, in which a 
particle of charge e carries out simple harmonic oscillation 
with frequency v along the x axis, according to the equation 

x — Xo cos 2-irvt. (3—2) 

Differentiating this expression, assuming that x 0 is independent 
of the time, we obtain for the acceleration the value 

i) — x = —At 2 v 2 Xq cos 2irvt. 



(3-3) 
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The average rate of emission of radiant energy by such a system 
is consequently 

dE lfbrVe 2 # 2 

~lt = 3c® ’ (3_4) 

inasmuch as the average value cos 2 2 irvt over a cycle is 'one-half. 
As a result of the emission of energy, the amplitude x 0 of the 
motion will decrease with time; if the fractional change in 
energy during a cycle ^f the motion is small, however, this equa- 
tion retains its validity. 

The radiation emitted by such a system has the frequency v of the 
emitting system. It is plane-polarized, the plane of the electric 
vector being the plane which includes the x axis and the direction 
of propagation of the light. 

In case that the particle carries out harmonic oscillations along 
all three axes x, y, and z, with frequencies v x , v v , and v z and 
amplitudes (at a given time) x 0 , y<>, and z 0 , respectively, the total 
•< rate of emission of radiant energy will be given as the sum of 
three terms similar to the right side of Equation 3-4, one giving 
the rate of emission of energy as light of frequency v x , one of 
v v , and one of v z . 

If the motion of the particle is not simple harmonic, it can be 
represented by a Fourier series or Fourier integral as a sum or 
integral of harmonic terms similar to that of Equation 3-2; 
light of frequency characteristic of each of these terms will then 
be emitted at a rate given by Equation 3—4, the coefficient of the 
Fourier term being introduced in place of x 0 . 

The emission of light by a system composed of several inter- 
acting electrically charged particles is conveniently discussed in 
the following way. A Fourier analysis is first made of the 
motion of the system in a given state to resolve it into harmonic 
terms. For a given term, corresponding to a given frequency 
of motion v, the coefficient resulting from the analysis (which is a 
function of the coordinates of the particles) is expanded as a 
power series in the quantities Xi/\, ■ • - , z„/X, in which x h 
• • • , z n are the coordinates of the particles relative to some 
origin (such as the center of mass) and X = c/v is the wave length 
of the radiation with frequency v. The term of zero degree in 
this expansion is zero, inasmuch as the electric charge of the 
system does not change with time. The term of first degree 
involves, in addition to the harmonic function of the time, only 
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a function of the coordinates. The aggregate of these first- 
degree terms in the coordinates with their associated time factors, 
summed over all frequency values occurring in the original 
Fourier analysis, represents a dynamical quantity known as the 
electric moment of the system, a vector quantity P defined as 

p = X e ' Ti ’ (3-5) 

i 

in which r ; denotes the vector from the origin to the position of 
the ith particle, with charge e,. Consequently to this degree of 
approximation the radiation emitted by a^lystem of several 
particles can be discussed by making a Fourier analysis of the 
electric moment P. Corresponding to each term of frequency v 
in this representation of P, there will be emitted radiation of 
frequency v at a rate given by an equation similar to Equation 
3-4, with ex 0 replaced by the Fourier coefficient in the electric- 
moment expansion. The emission of radiation by this mechanism ,, 
is usually called dipole emission, the radiation itself sometimes 
being described as dipole radiation. 

The quadratic terms in the expansions in powers of x,/X, 

• • • , z n /\ form a quantity Q called the quadrupole mo'ment 
of the system, and higher powers form higher moments. The rate 
of emission of radiant energy as a result of the change of quadru- 
pole and higher moments of an atom or molecule is usually 
negligibly small in comparison with the rate of dipole emission, 
and in consequence dipole radiation alone is ordinarily discussed. 
Under some circumstances, however, as when the intensity of 
dipole radiation is zero and the presence of very weak radiation 
can be detected, the process of quadrupole emission is important. 

4. SUMMARY OF CHAPTER I 

The purpose of this survey of classical mechanics is twofold: 
first, to indicate the path whereby the more general formulations 
of classical dynamics, such as the equations of motion of Lagrange 
and of Hamilton, have been developed from the original equations 
of Newton; and second, to illustrate the application of these 
methods to problems which are later discussed by quantum- 
mechanical methods. 

In carrying out the first purpose, we have discussed Newton’s 
equations in Cartesian coordinates and then altered their form by 
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the introduction of the kinetic and potential energies. By 
defining the Lagrangian function for the special case of Newtonian 
systems and introducing it into the equations of motion, Newton’s 
equations were then thrown into the Lagrangian form. Follow- 
ing an introductory discussion of generalized coordinates, the 
proof of the general validity of the equations of motion in the 
Lagrangian form for any system of coordinates has been given; 
and it has also been pointed out that the Lagrangian form 
of the equations of motion, although we have derived it from the 
equations of Newton, is really more widely applicable than 
Newton’s postulates, because by making a suitable choice of the 
Lagrangian function a very wide range of problems can be 
treated in this way. 

In the second section there has been derived a third form for 
the equations of motion, the Hamiltonian form, following the 
introduction of the concept of generalized momenta, and the rela- 
tion between the Hamiltonian function and the energy has been 
discussed. 

In Section 3 a very brief discussion of the classical theory of 
the radiation of energy from accelerated charged particles has 
been given, in order to have a foundation for later discussions 
of this topic. Mention is made of both dipole and quadrupole 
radiation. 

Finally, several examples (which are later solved by the use of 
quantum mechanics), including the three-dimensional harmonic 
oscillator in Cartesian and in polar coordinates, have been 
treated by the methods discussed in this chapter. 

General References on Classical Mechanics 

W. D. MacMillan: “Theoretical Mechanics. Statics and the Dynamics 
of a Particle,” McGraw-Hill Book Company, Inc., New York, 1932. 

S. L. Loney: “Dynamics of a Particle and of Rigid Bodies,” Cambridge 
University Press, Cambridge, 1923. 

J. H. Jeans: “Theoretical Mechanics,” Ginn and Company, Boston, 1907. 

E. T. Whittaker: “Analytical Dynamics,” Cambridge University Press, 
Cambridge, 1928. 

R. C. Tolman: “Statistical Mechanics with Applications to Physics and 
Chemistry,” Chemical Catalog Company, Inc., New York, 1927, Chap. II, 
The Elements of Classical Mechanics. 

W. E. Byerly: “Generalized Coordinates,” Ginn and Company, Boston, 
1916. 



CHAPTER II 



THE OLD QUANTUM THEORY 
6. THE ORIGIN OF THE OLD QUANTUM T HE ORY 

The old quantum theory was born in 1900, when Max Planck 1 
announced his theoretical derivation of the distribution law for 
black-body radiation which he had previously formulated from 
empirical considerations. He showed that the results of experi- 
ment on the distribution of energy with frequency of radiation 
in equilibrium with matter at a given temperature can be 
accounted for by postulating that the vibrating particles of 
matter (considered to act as harmonic oscillators) do not emit 
or absorb light continuously but instead only in discrete quanti- 
ties of magnitude hv proportional to the frequency v of the light. 
The constant of proportionality, h, is a new constant of nature; 
it is called Planck’s constant and has the magnitude 6.547 X 10 -27 
erg sec. Its dimensions (energy X time) are those of the old 
dynamical quantity called action; they are such *hat the product 
of h and frequency v (with dimensions sec -1 ) has the dimensions 
of energy. The dimensions of h are also those of angular momen- 
tum, and we shall see later that just as hv is a quantum of radiant 
energy of frequency v, so is h/ 2ir a natural unit or quantum of 
angular momentum. 

The development of the quantum theory was at first slow. It 
was not until 1905 that Einstein 2 suggested that the quantity 
of radiant energy hv was sent out in the process of emission of 
light not in all directions but instead unidirectionally, like a 
particle. The name light quantum or -photon is applied to such a 
portion of radiant energy. Einstein also discussed the photo- 
electric effect, the fundamental processes of photochemistry, 
and the heat capacities of solid bodies in terms of 'the quantum 
theory. When light falls on a metal plate, electrons are emitted 
from it. The maximum speed of these photoelectrons, however, 

1 M. Planck, Ann. d. Phys. (4) 4, 553 (1901). 

s A. Einstein, Ann. d. Phys. (4) 17, 132 (1905). 
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is not dependent on the intensity of the light, as would be 
expected from classical electromagnetic theory, but only on its 
frequency; Einstein pointed out that this is to be expected from 
the quantum theory, the process of photoelectric emission involv- 
ing the conversion of the energy hv of one photon into the kinetic 
energy of a photoelectron (plus the energy required to remove 
the electron from the metal). Similarly, Einstein s law of 
photochemical equivalence states that one molecule may be 
activated to chemical reaction by the absorption of one photon. 

The third application, to the heat capacities of solid bodies, 
marked the beginning of the quantum theory of material systems 
Planck’s postulate regarding the emission and absorption oi 
radiation in quanta hv suggested that a dynamical system such 
as an atom oscillating about an equilibrium position with fre- 
quency vo might not be able to oscillate with arbitrary energy, 
but only with energy values which differ from one another by 
' integral multiples of hv 0 . From this assumption and a simple 
extension of the principles of statistical mechanics it can ie 
shown that the heat capacity of a solid aggregate of particles 
should not remain constant with decreasing temperature, bu 
should at some low temperature fall off rapidly toward zero. 
This prediction of Einstein, supported by the earlier experi- 
mental work of Dewar on diamond, was immediately verified 
by the experiments of Nernst and Eucken on various substances; 
and quantitative agreement between theory and experiment for 
simple crystals was achieved through Debye’s brilliant refinement 

of the theory. 1 • , , 

5a. The Postulates of Bohr —The quantum theory had 
developed to this stage before it became possible to apply it 
to the hydrogen atom; for it was not until 1911 that there 
occurred the discovery by Rutherford of the nuclear constitu- 
tion of the atom — its composition from a small heavy posi- 
tively charged nucleus and one or more extranuclear electrons. 
Attempts were made immediately to apply the quantum theory to 
the hydrogen atom. The successful effort of Bohr 2 in 1913, 
despite its simplicity, may well be considered the greatest single 
step in the development of the theory of atomic structure. 

• P. Debye, Ann. d. Phys. (4) 39, 789 (1912); see also M. Born and T. von 
K Arm An, Phys. Z. 13, 297 (1912); 14, 15 (1913). 

1 N. Bohr, Phil. Mag. 26, 1 (1913). 
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It was clearly evident that the laws of classical mechanical and 
electromagnetic theory could not apply to the Rutherford 
hydrogen atom. According to classical theory the electron 
in a hydrogen atom, attracted toward the nucleus by an inverse- 
square Coulomb force, would describe an elliptical or circular 
orbit about it, similar to that of the earth about the sun. The 
acceleration of the charged particles would lead to the emission 
of light, with frequencies equal to the mechanical frequency 
of the electron in its orbit, and to multiples of this as overtones. 
With the emission of energy, the radius of the orbit would 
diminish and the mechanical frequency would change. Hence 
the emitted light should show a wide range of frequencies. This 
is not at all what is observed — the radiation emitted by hydrogen 
atoms is confined to spectral lines of sharply defined frequencies, 
and, moreover, these frequencies are not related to one another 
by integral factors, as overtones, but instead show an interesting 
additive relation, expressed in the Ritz combination principle, and 
in addition a still more striking relation involving the squares 
of integers, discovered by Balmer. Furthermore, the existence 
of stable non-radiating atoms was not to be understood on the 
basis of classical theory, for a system consisting of electrons 
revolving about atomic nuclei would be expected to emit radiant 
energy until the electrons had fallen into the nuclei. 

Bohr, no doubt inspired by the work of Einstein mentioned 
above, formulated the two following postulates, which to a great 
extent retain their validity in the quantum mechanics. 

I. The Existence of Stationary States. An atomic system can 
exist in certain stationary states, each one corresponding to a 
definite value of the energy W of the system ; and transition from 
one stationary state to another is accompanied by the emission 
or absorption as radiant energy, or the transfer to or from 
another system, of an amount of energy equal to the difference 
in energy of the two states. 

II. The Bohr Frequency Rule. The frequency of the radiation 
emitted by a system on transition from an initial state of energy 
W 2 to a final state of lower energy W i (or absorbed on transition 
from the state of energy W 1 to that of energy W 2 ) is given by 
the equation 1 

1 This relation was suggested by the Ritz combination principle, which it 
closely resembles. It was found empirically by Ritz and others that if 
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Bohr in addition gave a method of determining the quantized 
states of motion— the stationary states — of the hydrogen atom. 
His method of quantization, involving the restriction of the 
angular momentum of circular orbits to integral multiples of 
the quantum h/2r, though leading to satisfactory energy 
levels, was soon superseded by a more powerful method, described 
in the next section. 

Problem 6-1. Consider an electron moving in a circular orbit about a 
nucleus of charge Ze. Show that when the centrifugal force is just balanced 
by the centripetal force Ze*/r*, the total energy is equal to one-halt the 
potential energy -Ze*/r. Evaluate the energy of the stationary states for 
which the angular momentum equals nh/2ir, with n = 1, 2, 3, • • • . 

6b. The Wilson-Sommerfeld Rules of Quantization. In 

1915 W. Wilson and A. Sommerfeld discovered independently 1 
a powerful method of quantization, which was soon applied, 
especially by Sommerfeld and his coworkers, in the discussion 

lines of frequencies m and r 2 occur in the spectrum of a given atom it is 
frequently possible to find also a line with frequency n + »ior »i- 
This led directly to the idea that a set of numbers, called term values, can 
be assigned to an atom, such that the frequencies of all the spectral lines 
can be expressed as differences of pairs of term values. Term values are 
usually given in wave numbers, since this unit, which is the reciproca 
of the wave length expressed in centimeters, is a convenient one for spectro- 
scopic use. We shall use the symbol V for term values m wave numbers, 
reserving the simpler symbol v for frequencies in sec ’. The normal state 
of the ionized atom is usually chosen as the arbitrary zero, and the term 
values which represent states of the atom with lower energy than the ion 
are given the positive sign, so that the relation between W and » is 

W 



The modern student, to whom the Bohr frequency rule has become common- 
place, might consider that this rule is clearly evident in the work of Planck 
and Einstein. This is not so, however; the confusing identity of the 
mechanical frequencies of the harmonic oscillator (the only system discussed) 
and the frequency of the radiation absorbed and emitted by this quantized 
system delayed recognition of the fact that a fundamental violation of 

electromagnetic theory was imperative. 

W. Wilson, Phil. Mag. 29, 795 (1915); A. Sommerfeld, Ann. d. Phys. 

61, 1 (1916). 
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of the fine structure of the spectra of hydrogen and ionized 
helium, their Zeeman and Stark effects, and many other phe- 
nomena. The first step of their method consists in solving the 
classical equations of motion in the Hamiltonian form (Sec. 2), 
therefore making use of the coordinates q u ■ • . , q in and the* 
canonically conjugate momenta p u ■ - . , p Sn as the independent 
variables. The assumption is then introduced that only those 
classical orbits are* allowed as stationary states for which the 
following conditions are satisfied : 

fVkdqk = n k h, k = 1, 2, • • • , 3n; n k — an integer. (5-2) 

These integrals, which are called action integrals, can be calcu- 
lated only for conditionally periodic systems; that is, for systems 
for which coordinates can be found each of which goes through a 
cycle as a function of the time, independently of the others. 
The definite integral indicated by the symbol f is taken ovei*' 
one cycle of the motion. Sometimes the coordinates can be 
chosen in several different ways, in which case the shapes of the 
quantized orbits depend on the choice of coordinate systems, but 
the energy values do not. 

We shall illustrate the application of this postulate to the 
determination of the energy levels of certain specific problems in 
Sections 6 and 7. * 

5c. Selection Rules. The Correspondence Principle. — The 

old quantum theory did not provide a satisfactory method of cal- 
culating the intensities of spectral lines emitted or absorbed by 
a system, that is, the probabilities of transition from one sta- 
tionary state to another with the emission or absorption of a 
photon. Qualitative information was provided, however, by an 
auxiliary postulate, known as Bohr’s correspondence principle, 
which correlated the quantum-theory transition probabilities 
with the intensity of the light of various frequencies which would 
have been radiated by the system according to classical electro- 
magnetic theory. In particular, if no light of frequency cor- 
responding to a given transition would have been emitted 
classically, it was assumed that the transition would not take 
place. The results of such considerations were expressed in 
selection rules. 

For example, the energy values nhv Q of a harmonic oscillator 
(as given in the following section) are such as apparently to 
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permit the emission or absorption of light of frequencies which 
are arbitrary multiples (n 2 — n{)v 0 of the fundamental fre- 
quency v Q . But a classical harmonic oscillator would emit only 
the fundamental frequency v 0 , with no overtones, as discussed 
in Section 3 ; consequently, in accordance with the correspondence 
principle, it was assumed that the selection rule An = ± 1 was 
valid, the quantized oscillator being thus restricted to transitions 
to the adjacent stationary states. 

6. THE QUANTIZATION OF SIMPLE SYSTEMS 

6a. The Harmonic Oscillator. Degenerate States.— It was 

shown in the previous chapter that for a system consisting of 
a particle of mass m bound to the equilibrium position x — 0 
by a restoring force —kx= —Air 2 mvlx and constrained to move 
along the x axis the classical motion consists in a harmonic oscilla- 
tion with frequency v 0) as described by the equation 

x = x 0 sin 2irv 0 t. (6-1) 

The momentum p x = mx has the value 

Px — 2irmvoX 0 COS 2irv 0 t, (6-2) 

so that the quantum integral can be evaluated at once : 

<£p x dx = J^ 1/y °m(2Trv 0 xo cos 2irv 0 t) 2 dt = 2ir 2 v 0 mxl = nh. (6-3) 

The amplitude x 0 is hence restricted to the quantized values 
Xo„ = \nh/2ir 2 vom) v ‘. The corresponding energy values are 

W n — T + V = 2ir 2 m^x^(sin 2 2irv 0 t + cos 2 2ttvq t) = 2ir 2 mi' 2 x^, 
or 

W n = nhv 0 , n — 0, 1, 2, • • • . (6-4) 

Thus we see that the energy levels allowed by the old quantum 
theory are integral multiples of hv 0 , as indicated in Figure 6-1. 
The selection rule An = + 1 permits the emission and absorption 
of light of frequency v 0 only. 

A particle bound to an equilibrium position in a plane by 
restoring forces with different force constants in the x and y 
directions, corresponding to the potential function 

V = 27r 2 m(j' 2 x 2 + r 2 j/ 2 ), 



(6-5) 
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is similarly found to carry out independent harmonic oscillations 
along the two axes. The quantization restricts the energy to 
the values 

11 n. n,. = TlxhVx 1 TlyhVyj n x , ^ V ~ H j 1, 2 , , (6 6 ) 

determined by the two quantum numbers n x and n„. The ampli- 
tudes of motion x 0 and y 0 are given by two equations similar to 
Equation 6-3. 




monic oscillator according to the old quantum theory. 



In case that v x = v v = v 0 , the oscillator is tytid to be isotropic. 
The energy levels are then given by the equation 

W n = [n x + n y )hv o = nhv 0 . (6-7) 

Different states of motion, corresponding to different sets of values 
of the two quantum numbers n x and n v , may then correspond 
to the same energy level. Such an energy level is said to be 
degenerate, the degree of degeneracy being given by the number 
of independent sets of quantum numbers. In this case the nth 
level shows (n + l)-fold degeneracy. The nth level of the 
three-dimensional isotropic harmonic oscillator shows 



(n 



+ l)(n + 2) 
2 



-fold degeneracy. 



6b. The Rigid Rotator. — The configuration of the system of 
a rigid rotator restricted to a plane is determined by a single 
angular coordinate, say x- The canonically conjugate angular 
momentum, p x = lx, where I is the moment of inertia, 1 is a 
1 See Section 36a, footnote, for a definition of moment of inertia. 
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constant of the motion. 1 Hence the quantum rule is 
f 0 Vxdx = 2ir p x = Kh 



or 



Px 



Kh 
2 r 



K = 0,1, 2, 



( 6 - 8 ) 



Thus the angular momentum is an integral multiple of h/2ir, as 
originally assumed by Bohr. The allowed energy values are 

= St- ( 6 - 9 ) 



w' 



K=5 



K=4 



K=3 



The rigid rotator in space can be 
described by polar coordinates of 
the figure axis, <p and d. On apply- 
ing the quantum rules it is found 
that the total angular momentum is 
given by Equation 6-8, and the 
component of angular momentum 
along the z axis by 

Mh 



P* 



K-2 

KM 

K=0 



2ir 



M = 



0, 



-K.-K + 1, 
+ k: (6-io) 



The energy levels are given by 
Fio. 6-2. — Energy levels for the Equation 6—9, each level being 



rotator according to the old 
quantum theory. 



(2 K + l)-fold degenerate, inas- 
much as the quantum number M 
does not affect the energy (Fig. 6-2). 

6c. The Oscillating and Rotating Diatomic Molecule. — A 
molecule consisting of two atoms bonded together by forces 
which hold them near to the distance r 0 apart may be approxi- 
mately considered as a harmonic oscillator joined with a rigid 
rotator of moment of inertia I — t urjj, n being the reduced mass. 
The quantized energy levels are then given by the equation 



W v k — vhvo d" 



K 2 h 2 

8 x 2 /’ 



( 6 - 11 ) 



v being the oscillational or vibrational quantum number 2 and K 
1 Section le, footnote. 

s The symbol v is now used by band spectroscopists rather than n for this 
quantum number. 
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the rotational quantum number. The selection rules for such a 
molecule involving two unlike atoms are A K = +1, Av = +1. 
Actual molecules show larger values of Ay, resulting from devi- 
ation of the potential function from that corresponding to 
harmonic oscillation. 

The frequency of light absorbed in a transition from the state 
with quantum numbers v" , K" to that with quantum numbers 
v', K ' is 

v,»k’w = 0' - t/>o + (K’ 2 - 

or, introducing the selection rule A K = +1, 

Vv"K",v’K"± 1 = (v' - v")v 0 + (±2 K" + 1 )g^j- (6-12) 

The lines corresponding to this equation are shown in Figure 6-3 
for the fundamental oscillational band v = 0 — * v = 1, together^ 

Calculated by equation 6- 12 



10-9 V~8 8-77*6 6*55-44-3 3-2 2-1 1-0 0-1 1-22-3 3-44-5 5-6 6-77-8 



Observed 




Fig. 6-3. — The observed rotational fine structure of the hydrogen chloride 
fundamental oscillational band v = 0 — ► u = 1, showing deviation from the 
equidistant spacing of Equation 6-12. 



with the experimentally observed absorption band for hydrogen 
chloride. It is seen that there is rough agreement; the observed 
lines are not equally spaced, however, indicating that our theo- 
retical treatment, with its assumption of constancy of the moment 
of inertia I, is too strongly idealized. 

6d. The Particle in a Box. — Let us consider a particle of mass 
m in a box in the shape of a rectangular parallelepiped with 
edges a, b, and c, the particle being under the influence of no 



I 
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forces except during collision with the walls of the box, from 
which it rebounds elastically. The linear momenta p x , p y , and 
p z will then be constants of the motion, except that they will 
change sign on collision of the particle with the corresponding 
walls. Their values are restricted by the rule for quantization 



as follows: 






<^>p x dx = 2 ap x = nji, 


■e 

II 

K> ^ 


n x = 0, 1, 2, ■ • • , J 


1 




n y h 
Pv ~ ~2b’ 


«y = 0, 1, 2, • ■ • 


► (6-13) 




nji 
P * = 2c’ 


n, = 0, 1, 2, • • • . 


1 


Consequently the total energy is restricted to the values 



W 



nxn v n z 



1 

2 m 



ivl + vl + pi) 



h 2 /n 2 x w| wf\ 

8m\^a 2 b 2 c 2 J 



(&-14) 



6e. Diffraction by a Crystal Lattice. — Let us consider an 
infinite crystal lattice, involving a sequence of identical planes 
spaced with the regular interval d. The allowed states of motion 
of this crystal along the z axis we assume, in accordance with 
the rules of the old quantum theory, to be those for which 

fpzdz = n z h. 

For this crystal it is seen that a cycle for the coordinate z is the 
identity distance d, so that (p z being constant in the absence of 
forces acting on the crystal) the quantum rule becomes 

J* p z dz = n x h, or p x = (6-15) 

Any interaction with another system must be such as to leave p z 
quantized; that is, to change it by the amount A p x = A n z h/d 
or nh/d, in which n = Aw* is an integer. One such type of 
interaction is collision with ajrhoton of frequency v, represented 
in Figure 6-4 as impinging at the angle d and being specularly 
reflected. Since the momentum of a photon is hv/c, and its 

component along the z axis ^ sin d, the momentum transferred 

to the crystal is — sin d = ^ sin d. Equating this with the 
c A 
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allowed momentum change of the crystal nh/d, we obtain the 
expression 

n\ = 2d sin &. (6-16) 

This is, however, just the Bragg equation for the diffraction of 
x-rays by a crystal. This derivation from the corpuscular view 
of the nature of light was given 
by Duane and Compton 1 in 
1923. 

, Let us now consider a particle, 
say an electron, of mass m simi- 
larly reflected by the crystal. 

The momentum transferred to 
the crystal will be 2 mv sin d, 
which is equal to a quantum 
for the crystal when 

n— = 2d sin d. (6-17) 
mv 

Thus we see that a particle would be scattered by a crystal only 
when a diffraction equation similar to the Bragg equation for 
x-rays is satisfied. The wave length of light is replaced by the 
expression 

A = * (6-18) 

mv 

which is indeed the de Broglie expression for the wave length 
associated with an electron moving with the speed v. This 
simple consideration, which might have led to the discovery of 
the wave character of material particles in the days when the 
old quantum theory had not yet been discarded, was overlooked 
at that time. 

In the above treatment, which is analogous to the Bragg treat- 
ment of x-ray diffraction, the assumption of specular reflection is 
made. This can be avoided by a treatment similar to Laue’s 
derivation of his diffraction equations. 

The foregoing considerations provide a simple though perhaps 
somewhat extreme illustration of the power of the old quantum 
theory as well as of its indefinite character. That a formal argu- 
ment of this type leading to diffraction equations usually derived 

1 W. Duane, Proc. Nat. Acad. Sci. 9, 158 ('1923); A. H. Compton, ibid. 
9 , 359 (1923). 




Fig. 6-4. — The reflection of a photon 
by a crystal. 
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by the discussion of interference and reinforcement of waves 
could be carried through from the corpuscular viewpoint with the 
old quantum theory, and that a similar treatment could be given 
the scattering of electrons by a crystal, with the introduction of 
the de Broglie wave length for the electron, indicates that the 
gap between the old quantum theory and the new wave mechanics 
is not so wide as has been customarily assumed. The indefinite- 
ness of the old quantum theory arose from its incompleteness — 
its inability to deal with any systems except multiply-periodic 
ones. Thus in this diffraction problem we are able to derive 
only the simple diffraction equation for an infinite crystal, the 
interesting questions of the width of the diffracted beam, the dis- 
tribution of intensity in different diffraction maxima, the effect 
of finite size of the crystal, etc., being left unanswered . 1 

7. THE HYDROGEN ATOM 

The system composed of a nucleus and one electron, whose 
treatment underlies any theoretical discussion of the electronic 
structure of atoms and molecules, was the subject of Bohr’s first 
paper on the quantum theory . 2 In this paper he discussed cir- 
cular orbits of the planetary electron about a fixed nucleus. 
Later he took account of the motion of the nucleus as well as 
the electron about their center of mass and showed that with 
the consequent introduction of the reduced mass of the two 
particles a small numerical deviation from a simple relation 
between the spectral frequencies of hydrogen and ionized helium 
is satisfactorily explained. Sommerfeld 4 then applied his more 
general rules for quantization, leading to quantized elliptical 
orbits with definite spatial orientations, and showed that the 
relativistic change in mass of- the electron causes a splitting of 
energy levels correlated with the observed fine structure of 
hydrogenlike spectra. In this section we shall reproduce the 
Sommerfeld treatment, except for the consideration of the rela- 
tivistic correction. 

7a. Solution of the Equations of Motion. — The system con- 
sists of two particles, the heavy nucleus, with mass m i and 

1 The application of the correspondence principle to this problem was made 
by P. S. Epstein and P. Ehrenfest, Proc. Nat. Acad. Sci. 10, 133 (1924). 

2 N. Bohr, Phil. Mag. 26, 1 (1913). 

3 N. Bohr, ibid. 27, 606 (1914). 

4 A. Sommerfeld, Ann. d. Phys. 61, 1 (1916). 
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electric charge +Ze, and the electron, with mass m 2 and charge 
— e, between which there is operative an inverse-square attrac- 
tive force corresponding to the potential-energy function 

F(r) = —Ze 1 /r, 

r being the distance between the two particles. (The gravi- 
tational attraction is negligibly small relative to the electro- 
static attraction.) The system is similar to that of the sun and a 
planet, or the earth and moon. It was solved by Sir Isaac 
Newton in his “ Philosophiae Naturalis Principia Mathematical’ 
wherein he showed that the orbits of one particle relative to the 
other are conic sections. Of these we shall discuss only the 
closed orbits, elliptical or circular, inasmuch as the old quantum 
theory was incapable of dealing with the hyperbolic orbits of the 
ionized hydrogen atom. 

The system may be described by means of Cartesian coordi- 
nates Xi, y i, Z\ and x 2 , y%, z 2 of the two particles. As shown in 
Section 2 d by the introduction of coordinates x, y, z of the center 
of mass and of polar coordinates r, d, <p of the electron relative 
to the nucleus, the center of mass of the system undergoes 
translational motion in a fixed direction with constant speed, 
like a single particle in field-free space, and the relative motion 

of electron and nucleus is that of a particle of mkss u = - miWz , 

m x + m 2 

the reduced mass of the two particles, about a fixed center to 
which it is attracted by the same force as that between the 
electron, and nucleus. Moreover, the orbit representing any 
state of motion lies in a plane (Sec. Id). 

In terms of variables r and x in the plane of motion, the 
Lagrangian equations of motion are* 

nf = yrx 2 (7-1) 

and 

J 

j t (» r2 x) = 0. (7-2) 

The second of these can be integrated at once (as in Sec. Id), to 
give 

M r 2 x = P, a constant. (7-3) 

This first result expresses Kepler’s area law: The radius vector 



* 
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from sun to planet sweeps out equal areas in equal times. The 
constant p is the total angular momentum of the system. 
Eliminating x from Equations 7-1 and 7-3, we obtain 



p 2 Ze 2 

pr = ■£— 

pr 3 r 2 



which on multiplication by r and integration leads .to 






(7-4) 



(7-5) 



(7-6) 



The constant of integration W is the total energy of the system 
(aside from the translational energy of the system as a whole). 
Instead of solving this directly, let us eliminate t to obtain an 
equation involving r and x- Since 

dr _ dr dx _ dr p 
dt dx dt dx pr 2 ’ 

Equation 7-5 reduces to 

A dr\ 2 = _1 , 2 Ze*p 2pW 

\r 2 dx) r 2 p 2 r p 2 ’ 

or, introducing the new variable 

1 



u = 



±dx = 



du 



4 



2pW 2 Ze*p 

J* ~ + ~^~ U ~ u 



(7-7) 

(7-8) 



This can be integrated at once, for W either positive or negative. 
In the latter case (closed orbits) there is obtained 



1 Ze 2 p , . 
U ~ r ~ ~pT + 2 



u 



'4p 2 Z 2 e 4 , SpW 



V 4 



+ ~p2~ sin ( x “ x °)- (7 -9 ) 

This is the equation of an ellipse with the origin at one focus, as 
in Figure 7-1. In terms of the eccentricity e and the semimajor 
and semiminor axes a and b, the equation of such an ellipse is 



u — 



1 = 1 + e sin (x - xo) 
r o(l - « 2 ) 



a . -y/ a 2 — b 2 . . 

= rJ X 2 sin (x 



Xo), 

(7-10) 



with 



5 = a -\/ 1 — « 2 . 
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Thus it is found that the elements of the elliptical orbit are given 
by the equations 



a = 



Ze 2 
2 W’ 



b = 



V 



1 



2Wp 2 

nZ 2 e* 



(7-11) 



The energy W is determined by the major axis of the ellipse 
alone. 

As shown in Problem 5-1, the total energy for a circular orbit 
is equal to one-half the potential energy and to the kinetic energy 
with changed sign. It can be shown also that similar relations 




Fig. 7-1. — An elliptical electron-orbit for the hydrogen atom according to the 

old quantum theory. 



hold for the time-average values of these quantities for elliptic 
orbits, that is, that 

W=y 2 V=-T, (7-12) 

in which the barred symbols indicate the time-average values of 
the dynamical quantities. 

7b. Application of the Quantum Rules. The Energy Levels. — 

The Wilson-Sommerfeld quantum rules, in terms of the polar 
coordinates r, d, and <p, are expressed by the three equations 

f p r dr ^ = n r h, (7-13a) 

fpM = n*h, (7-13 b) 

$ p^d<p = mh. (7- 13c) 

Since p v is a constant (Sec. le), the third of these can be integrated 
at once, giving 
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2irp^ = mh, 



mh 

°r p v = ^ 



771 = + 1, + 2, * * * . 

(7-14) 



Hence the component of angular momentum of the orbit along the 
z axis can assume only the quantized values which are integral 
multiples of h/ 2t. The quantum number to is called the mag- 
netic quantum number, because it serves to distinguish the 
various slightly separated levels into which the field-free energy 
levels are split upon the application of a magnetic field to the 
atom. This quantum number is closely connected with the 
orientation of the old-quantum-theory orbit in space, a question 
discussed in Section 7 d. 

The second integral is easily discussed by the introduction of 
the angle x and its conjugate momentum p x = p, the total 
angular momentum of the system, by means of the relation, 
given in Equation 1-41, Section le, 



Pxdx = PodA -f p v d<p. 



(7-15) 



In this way we obtain the equation 

fPxdx = kh, (7-16) 

in which p x is a constant of the motion and k is the sum of n» 
and to. This integrates at once to 

kh 

2 irp = kh, or P = 2 * k = 1,2, ■ ■ ■ . (7-17) 

Hence the total angular momentum of the orbit was restricted 
by the old quantum theory to values which are integral mul- 
tiples of the quantum unit of angular momentum h/2ir. The 
quantum number k is called the azimuthal quantum number. 

To evaluate the first integral it is convenient to transform it 
in the following way, involving the introduction of the angle x 
and the variable u = 1/r with the use of Equation 7-6: 

p r dr = prdr = d x = p ■ (7-18) 

From Equation 7-10 we find on differentiation 
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with the use of which the r quantum condition reduces to the 
form 




cos 2 (x — xo) . 
+ « sin (x - Xo ) ! 2 X 



= n r h. 



(7-20) 



The definite integral was evaluated by Sommerfeld. 1 The 
resultant equation is 




(7-21) 



This, with the value of p of Equation 7-17 and the relation 
b = ay / 1 — e 2 , leads to the equation 



a _ n r + k _ n 
b k k 



(7-22) 



In this equation we have introduced a new quantum number n, 
called the total quantum number, as the sum of the azimuthal 
quantum number k and the radial quantum number n r : 

n — n r + k. (7-23) 



With these equations and Equation 7-11, the energy values 
of the quantized orbits and the values of the major and minor 
semiaxes can be expressed in terms of the quantum numbers 
and the physical constants involved. The energy is seen to 
have the value 



Z 2 2w 2 pe* 

n 2 h 2 



n 



-Rhc, 



(7-24) 



being a function of the total quantum number alone. The value 
of R, the Rydberg constant, which is given by the equation 



27rVe 4 
~ h?c ’ 



(7-25) 



depends on the reduced mass u of the electron and the nucleus. 
It is known very accurately, being obtained directly from 
spectroscopic data, the values as reported by Birge for hydrogen, 
ionized helium, and infinite nuclear mass being 

R n = 109,677.759 ± 0.05 cm" 1 , 

E Hb = 109,722.403 + 0.05 cm- 1 , 

= 109,737.42 ± 0.06 cm" 1 . 

1 A. Sommerfeld, Ann. d. Phys. 61, 1 ( 1916 ). 
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The major and minor semiaxes have the values 

_ nka 0 

Z 



a = 



b = 



(7-26) 



in which the constant a 0 has the value 

h 2 

a ° 4ir 2 jue 2 



(7-27) 



The value of this quantity, which for hydrogen is the distance of 
the electron from the nucleus in the circular orbit with n — 1, 
k = 1 , also depends on the reduced mass, but within the experi- 
mental error in the determination of e the three cases mentioned 
above lead to the same value 1 



in which lA = 1 X 10“' 
in terms of a a as 



W 



n 



a 0 = 0.5285 A, 

cm. The energy may also be expressed 



Ze 2 _ Z 2 e 2 
2d 2n 2 cio 



(7-28) 



The total energy required to remove the electron from the 
normal hydrogen atom to infinity is hence 



w„ = ^ - R,Kc - £ (7-29) 

This quantity, TF H = 2.1528 X 10~ n ergs, is often expressed in 
volt electrons, Wh = 13.530 v.e., or in reciprocal centimeters or 
wave numbers, TF H = 109,677.76 cm -1 (the factor he being 
omitted), or in calories per mole, W H = 311,934 cal/mole. 

The energy levels of hydrogen are shown in Figure 7-2. It is 
seen that the first excitation energy, the energy required to raise 
the hydrogen atom from the normal state, with n = 1, to the 
first excited state, with n = 2, is very large, amounting to 
10.15 v.e. or 234,000 cal/mole. The spectral lines emitted by 
an excited hydrogen atom as it falls from one stationary state to 
another would have wave numbers or reciprocal wave lengths v 
given by the equation 

(7-30) 

1 The value given by Birge for infinite mass is 

0.5281 89 ± 0.0004 X 10~ 8 cm, 
that for hydrogen being 0.0003 larger (Appendix I). 
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in which n" and n' are the values of the total quantum number 
for the lower and the upper state, respectively. The series of 
lines corresponding to n" = 1, that is, to transitions to the normal 
state, is called the Lyman series, and those corresponding to 
n" = 2, 3, and 4 are called the Balmer, Paschen, and Brackett 
series, respectively. The Lyman series lies in the ultraviolet 
region, the lower members of the Balmer series are in the visible 
region, and the other series all lie in the infrared. 




Fig. 7-2. — The energy levels of the hydrogen atom, and the transitions giving 
rise to the Lyman, Balmer, Paschen, and Brackett series. 

7c. Description of the Orbits.— Although the allowed orbits 
given by the treatment of Section lb are not retained in the 
quantum-mechanical model of hydrogen, they nevertheless 
serve as a valuable starting point for the study of the more subtle 
concepts of the newer theories. The old'-quantum-theory orbits 
are unsatisfactory chiefly because they restrict the motion too 
rigidly, a criticism which is generally applicable to the results of 
this theory. 

For the simple non-relativistic model of the hydrogen atom in 
field-free space the allowed orbits are certain ellipses whose com- 
mon focus is the center of mass of the nucleus and the electron, 
and whose dimensions are certain functions of the quantum 
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numbers, as we have seen. For a given energy level of the 
atom there is in general more than one allowed ellipse, since the 
energy depends only on the major axis of the ellipse and not on 
its eccentricity or orientation in space. These different ellipses 
are distinguished by having different values of the azimuthal 




b 




quantum number k, which may be any integer from 1 to n. 

7 V J f 1 * eqU , al f the ° rbit is a ° ircle ’ as is seen from Equation 

' to. tor k less than n, the minor semiaxis b is less than the 
major semiaxis a, the eccentricity e of the orbit increasing as k 
decreases relative to n. The value zero for k was somewhat 
arbitrarily excluded, on the basis of the argument that the 






t 
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corresponding orbit is a degenerate line ellipse which would 
cause the electron to strike the nucleus. 

Figure 7-3 shows the orbits for n = 1, 2, and 3 and for the 
allowed values of k. The three different ellipses with n = 3 
have major axes of the same length -and minor axes which 
decrease with decreasing k. Figure 7-3 also illustrates the 
expansion of the orbits with increasing quantum number, the 
radii of the circular orbits increasing as the square of n. 

A property of these orbits which is of particular importance in 
dealing with heavier atoms is the distance of closest approach of 
the electron to the nucleus. Using the expressions for a and b 
given in Equation 7-26 and the properties of the ellipse, we obtain 

for this distance the value — z — This formula 

and the orbits drawn in Figure 7-3 show that the most eccentric 
orbit for a given n, i.e., that with the smallest value of fc, comes- 
the nearest to the nucleus. In many-elect ron atoms, this 
causes a separation of the energies corresponding to these 
different elliptical orbits with the same n, since the presence of 
the other electrons, especially the inner or core electrons, causes a 
modification of the field acting on the electron when it enters 
the region near the nucleus. 

Since the charge on the nucleus enters the expression for the 
radius of the orbit given by Equations 7-26 and 7-27, the orbits 
for He+ are smaller than the corresponding ones for hydrogen, 
the major semiaxis being reduced one-half by the greater charge 
on the helium-ion nucleus. 

7d. Spatial Quantization. — So far we have said nothing of 
the orientation of the orbits in space. If a weak field, either 
electric or magnetic, is applied to the atom, so that the z direction 
in space can be distinguished but no appreciable change in 
energy occurs, the z component of the angular momentum of 
the atom must be an integral multiple of h/ 2x, as mentioned 
in Section 7b following Equation 7-14. This condition, which 
restricts the orientation of the plane of the orbit to certain definite 
directions, is called spatial quantization. The vector representing 
the total angular momentum p is a line perpendicular to the 
plane of the orbit (see Sec. le) and from Equation 7-17 has the 
length kh/2ir. The z component of the angular momentum is 
of length k cos co(fi/2ir), if co is the angle between the vector p and 
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the z axis. This results in the following expression for cos 

m 

COS Cd = — 

The value zero for m was excluded for reasons related to those 
used in barring k = 0, so that m may be ±1, +2, • • • , ±k. 







b 

m»+3 




c 

Fig. 7-4 a, b, c . — Spatial quantization of Bohr-Sommerfeld orbits with & = 1, 2. 

and 3. 



For the lowest state of hydrogen, in which k = 1 (and for all orbits 
for which k = 1), there are only two values of m, +1 and — 1, 
which correspond to motion in the xy plane in a counterclockwise 
or in. a clockwise sense. For k = 2 four orientations are per- 
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mitted, as shown in Figure 7-4. Values ±k for m always cor- 
respond to orbits lying in the xy plane. 

It can be shown by the methods of classical electromagnetic 
theory that the motion of an electron with charge — e and mass 

kh 

m 0 in an orbit with angular momentum gives rise to a magnetic 

field corresponding to a magnetic dipole of magnitude ^ - 

2i r 2m n c 

oriented in the same direction as the angular momentum vector. 
The component of magnetic moment in the direction of the z axis 
Jl6 

iS T \rm 0 c The energy of ma g neti c interaction of the atom with 



a magnetic field of strength H parallel to the - 2 axis is m --H 

4ir m 0 c 

It was this interaction energy which was considered to give rise 
to the Zeeman effect (the splitting of spectral lines by a magnetic 
field) and the phenomenon of' paramagnetism. It is now known 
that this explanation is only partially satisfactory, inasmuch as 
the magnetic moment associated with the spin of the electron, 
discussed in Chapter VIII, also makes an important contribution. 

The magnetic moment ~ is called a Bohr magneton. 



Problem 7-1. Calculate the frequencies and wave lengths of the first 
five members of the Baltner series for the isotopic hydrogen atom whose 
mass is approximately 2.0130 on the atomic weight scale, and compare with 
those for ordinary hydrogen. 

Problem 7-2. Quantize the system consisting of two neutral particles 
of masses equal to those of the elect ron and proton held together by gravita- 
tional attraction, obtaining expressions for the axes of the orbits and the 
energy levels. 



8. THE DECLINE OF THE OLD QUANTUM THEORY 

The historical development of atomic and molecular mechanics 
up to the present may be summarized by the following division 
into periods (which, of course, are not so sharply demarcated as 
indicated) : 

1913-1920. The origin and extensive application of the old 
quantum theory of the atom. 

1920-1925. The decline of the old quantum theory. 

1925— . The origin of the new quantum mechanics and 

its application to physical problems. 
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The application of the new quantum mechanics 
to chemical problems. 

1 he present time may well be also the first nart M in 

spectra of th^Th^ogen halide nmlo l * th PUr ° rotatlon 

with Equation £9 with “ 0T 0 • *“ aCCOrd “““ 

K = U, 34 ... o- ;> , ’ ’ > nut mstead require 

tional quantum number v 

=1“ ssls t,?r ed i ^ 

the methods of the old quantum theory by any suehsubfl ^ 
or arbitrary procedure (such as the normal stlte of tb^n ' ^ 
atom, excited states of the helium atom ,1, f I 1,el,unl 
the hydrogen molecule ion etc 1 u ’ nor mal state of 

Of the old quantum theory M totiaLZl^ ^ 

andsmc'clearlFas a 
™_the lack or* 

•Sion onrghf “S' problem which attracted' * ^I t i K t d!s l )e t-. 

attention ~~ attracted a great amount of_ 

lm< W H? 16 qUantUm mechanics 0f Heisenberg 6 ' las rapidly 

. Heisenberg, Z . f . Phys. 33, 879 (1925). 



